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INTRODUCTION 
The development of the subject of nonlinear acoustics has been described in some 
detail in previous QNDE volumes.[I, 2, 3} The subject, however, continues to grow and 
to expand. Therefore, it is as difficult to define an end to the subject as it was to define a 
beginning. 
Much of the current research is devoted to measuring and identifying the origin of 
nonlinarity of solids. [4] Intrinsic nonlinearity of crystalline solids is related to the form of 
the interatomic potential function. For these solids it is meaningful to define third order 
elastic constants.[5] In other solids the nonlinearity parameter is a function of material 
fatigue or other properties. For example, a change of approximately a factor of two in the 
nonlinearity parameter of Al 2024 aluminum results from fatigue.[6] In some instances one 
can define the origin of the nonlinear response of rock. [7] In such solids the nonlinearity 
probably results from effects in addition to that associated with the interatomic potential 
function. There is a legitimate question whether the nonlinear equation that has been so 
successful in describing single crystals also applies to noncrystalline solids. The objective 
of this analysis is to define one origin of elastic nonlinearity and to point out that other 
phenomena such as piezoelectricity also affect nonlinearity. The results of measurements in 
PZT are used as an example of how measurement of nonlinearity not only may lead to 
extreme values of the nonlinearity parameter, but in addition may raise the question whether 
the nonlinear equation that has been valid for description of other solids needs modification 
if it is to apply to PZT. 
ELASTIC NONLINEARITY 
To describe the propagation of a finite amplitude ultrasonic wave in a solid one can 
derive a wave equation by defining the strain energy in the form 
Cl>(11) = 2\ L Cijklllijllkl + 3\ L Cijklmn llijllkI11mn + ... 
• ijkl . ijklmn 
(1) 
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where the Cijld are the ordinary elastic constants [now called second order elastic (SOE) 
constants] and the C~jklmn are the third order elastic (TOE) constants. A lengthy derivation 
allows one to write tlie nonlinear wave equation in the form 
(2) 
which is valid for longitudinal wave propagation in pure mode directions. The nonlinearity 
parameter 
(3) 
involves linear combinations of the SOE constants K2 and linear combinations of TOE 
constants K3. as given in Table 1. 
The principle of measurement of the nonlinearity parameter ~ can be illustrated 
by writing the solution of Eq. 2 under the assumption of a sinusoidally vibrating surface 
at a = 0: 
. A1k2a ~ = AISIn (ka - rot) --- ~ Cos 2 (ka - rot) + ... 
8 (4) 
One simply measures the amplitude of the fundamental A 1 and the amplitude of the second 
harmonic 
Table I. K2 and K3 for [100] • [110] • [111] Directions in a Cubic Crystal. 
Direction 
[100] 
[110] 
[111] 
2044 
Cll 
Cll +C12 + 2C44 
2 
Cll + 2C12 + 4C44 
3 
Clll 
C111 + 3C112 + 12Cl66 
4 
C111 + 6Cl12 + 12CI44 + 24Cl66 + 2C123 + 16C456 
9 
for some sample length a and directly calculates 
(6) 
Measurement has been made of many elastic nonlinearity parameters both in single crystals 
and in amorphous solids. The results are beginning to develop a pattern that is summarized 
in Table II. Crystals having the zincblende structure tend to have the smallest nonlinearity 
parameter, and those with the NaCI structure tend to have the largest. The range of 
nonlinearity parameters in crystals is nominally between 2 and 15. 
For amorphous solids the results are more difficult to categorize. For example, the 
nonlinearity parameter of fused silica is negative. In addition, it has been found that work 
hardening and the presence of imperfections does affect the measured nonlinearity parameter 
in certain metals. A correlation has been made between the nonlinearity of a solid and yield 
strength. [7] Likewise, the nonlinearity of rock is beginning to be used in geology[8] as a 
means of characterizing samples. Thus, the elastic nonlinearity has become an important 
means of characterizing properties of solids. 
PIEZOELECTRIC NONLINEARITY 
If a sample is piezoelectric, then there is nonlinearity resulting from piezoelectricity in 
addition to the elastic nonlinearity. To derive the nonlinear wave equation for crystalline 
solids this can be accounted for by writing the free energy or the enthalpy in the form: 
Table II. Comparison of ultrasonic nonlinearity parameters for amorphous materials and for 
the 100 direction in Cubic Crystals. 
MATERIAL OR 
STRUCTURE 
Zincblend 
Fourite 
FCC 
FCC (Inert gas) 
BCC 
NaCl 
Fused Silica 
BONDING 
Covalent 
Ionic 
Metallic 
Vander Waals 
Metallic 
Ionic 
Isotropic 
Isotropic 
~a 
2.2 
3.8 
5.6 
6.4 
8.2 
14.6 
-4 
14.3 
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H2 = t ctkITIij1'\kl + k ctklmn1'\kl1'\mn - -!e~ EiEj 
-k etkEiEjEk - eijkEi1'\jk -t dijklEiEj1'\kl 
-t elijklmEiT\jk1'\lm. 
(7) 
where 1'\ij are strain components and Ei are electric field components. The elastic constants 
CUkl and CUklmn are written with a superscript E to indicate that these values are measured at 
constant applied field. Similarly, the second - and third-order dielectric constants efj and efjk 
have a superscript s to indicate that the dielectric constant is measured under conditions of 
constant strain. The material constants eijk, dijkl, and fijklm refer to the piezoelectric 
coupling constants and to higher order cross-term parameters of the free energy. It should be 
noted that efjk is related to the nonlinear optic and electro-optic effects; dijkl is related to 
elasto-optic and electrostrictive effects, and fijklm is related to the electro-acoustic effect 
which is the change in velocity of sound with an applied electric field. The effect of the 
piezoelectricity is to change the magnitude of the SOE constants and the TOE constants. One 
can measure the "stiffened" constants in a piezoelectric crystal, but the "unstiffened" ones 
enter into Eq. 6. If one could tum off the piezoelectricity and measure the "unstiffened" 
constants, then turn it on and measure the "stiffened" constants, one could evaluate the 
fundamental quantities in Eq. 6. We had hoped to do this with PZT, but our measurements 
produced complications rather than simplifications, as will be shown. 
With single crystals like quartz and LiNb0:3 the effect of piezoelectric stiffening of the 
elastic coefficients can be calculated from known data.[9] By using the free energy in the 
form given in Eq. 6 we calculated the effective SOE constant combinations and the effective 
TOE constant combinations that determine nonlinear distortion in a piezoelectric crystal. 
The magnitudes of K2 and K3 for piezoelectric materials were written 
K2 = C'11 (1 + L1K2), 
K3 = C111 (1 + L'1K3 + L1K~ + L'1K;), 
where C'u and C'IU stand for the magnitudes of K2 and K3 without piezoelectric 
corrections and 
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(8) 
(9) 
From the magnitudes in Table III one can draw conclusions about both linear and nonlinear 
piezoelectric corrections. The piezoelectric correction of K2 is of the order of 1 % for a-Si(h 
and 3% for LiNb03. In many instances, then, the piezoelectric corrections for ordinary 
elastic constants is not great. For K3 the major contribution is ~K;, which turns out to be 
17% in one case and 18% in the other. This is no longer negligible. This points out that the 
higher order piezoelectric effects also must be considered in evaluating nonlinear elastic 
effects in piezoelectric materials. They are not negligible even in single crystals. In 
piezoelectric ceramics the nonlinear effects may be even greater. 
PZT NONLINEARITY 
As an example of piezoelectric ceramics we chose to measure the nonlinear properties 
of two samples of PZT. Room temperature values of K2, K3 and ~ are given in Table IV. 
For comparison we list values for copper as well. As a test of the change of the linear and 
the nonlinear properties of PZT upon polarization compared with those found in 
piezoelectric single crystals we used our experimental data from unpolarized samples and 
polarized samples in Eq. 8 and calculated ~2 and ~K; = ~K3 + ~K~ + ~K;. (Our means 
of measurement did not allow us to evaluate ~3, ~K~_and ~K; separately). The results 
are shown in Table V. 
Table III. The piezoelectric correction to K2 and K3 for the RI,.. mode in a-Si02 and the RIo, 
mode in LiNb03. 
0.008 
0.026 
o 
-0.003 
0.013 
0.060 
0.17 
0.18 
0.18 
0.24 
Table IV. Values of K2, K3, ~, ~2, fu, and ~:z/~2 for the copper [100] and circular PZT 
ceramics along z direction at room temperature with frequency 10 MHz 
Sample K2 K3 P p2 P2 P2/p2 
Cu [100] 16.84 - 104.41 3.4 11.6 12.1 1.04 
KI-Unpolarized 14.75 - 156.35 7.6 57.8 103.8 1.80 
K I-Polarized 16.45 - 185.89 8.3 68.9 103.4 1.50 
Sl-Unpolarized 14.95 - 109.14 4.3 18.5 872.8 47.18 
S I-Polarized 16.39 - 121.29 4.4 19.4 2479.7 127.82 
The units of K2 and K3 are 1010 N/m2. 
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Table V. Changes of room temperature values of K2 and K3 resulting from polarization in 
PZT. 
KI-PZT 
SI-PZT 
Curie 
Temperature 
3300 C 
2500 C 
M(2 
0.12 0.19 
0.10 0.11 
By comparing Table V with Table III, one notices that the K 1 sample of PZT which has a 
Curie temperature of 3300 C has a variation in the nonlinear coefficient L1K; which is very 
similar in magnitude to that of single crystals, whereas the change L1K2 is much larger. On 
the other hand, the SI-PZT sample has a somewhat smaller L1K; and a larger L1K2. For the 
S 1-PZT sample, the change in the nonlinear coefficient L1K; is approximately equal to the 
change in the linear coefficient L1K2 but for the KI-PZT sample the change in the nonlinear 
coefficient L1K; is almost twice as great as the change in the linear coefficient L1K2. 
Since the room temperature values of the nonlinearity parameter of PZT gave unusual 
results, we measured velocity, attenuation and nonlinearity parameter as a function of 
temperature through the Curie temperature. As expected, the velocity goes through a 
minimum at the Curie temperature and the attenuation goes through a sharp maximum as has 
been observed by others. The results for the nonlinearity parameter were so exciting that we 
reported them last year. [3] As can be seen in Figs. 1 and 2 the magnitUde of the 
nonlinearity parameter also goes through a maximum at the Curie Temperature. Since the 
polarization vanishes at the Curie temperature, polarization is not the cause of the maximum. 
Note, however, that a maximum occurs in the nonlinearity parameter somewhat below the 
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Figure 1. Temperature dependence of the nonlinearity parameter at 10 MHz in Kl PZT. 
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Figure 2. Temperature dependence of the nonlinearity parameter at 10 MHz in S 1 PZT. 
Curie temperature in the polarized samples. This, presumably, is associated with vanishing 
of polarization. The magnitude of the nonlinearity parameter at the Curie temperature is 250 
for the S-1 sample and 1500 for the K-l sample. For comparison Table II shows that the 
nonlinearity parameter does not exceed 15 in a single crystal. The meaning of this extreme 
value of the nonlinearity parameter of PZT is worthy of study. It may mean that the 
approximations used in the solution are not satisfied, or it may mean that the differential 
equation itself needs modification. Additional information on the subject can be obtained, 
however. 
We measured the third harmonic of an initially sinusoidal 10 MHz ultrasonic wave 
and found that it was anomalously large even at room temperature. In single crystals 
knowledge of the second harmonic allows one to calculate the third harmonic. For copper, 
for example, we had measured the third harmonic and found that contributions of the fourth 
order elastic constants are negligible. For single crystals one can write the third harmonic 
amplitude as 
If the second term in the square root of Eq. (10) is evaluated by considering the order of 
magnitude of K2, K3, and 1<4 as 10, 102, and 103 respectively, then this term is much 
smaller than 1. If this small term is neglected, the third harmonic no longer depends on 1<4' 
and the amplitude ratio A3/A13 can be expressed as 
(11) 
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If the quantity [(3K2 + K3)1K2]2 is defined as ~2, then the parameter ~2 can be obtained by 
measuring the amplitude ratio A3/A13 and calculating 
~2 = -.32JA3 ) = ~2 
a2k4\Al 
(12) 
This relationship is valid for most single crystals and it is to be tested for PZT. The results 
are shown in Table IV, where results for single crystal copper [100] are shown for 
comparison. The quanitities ~2 and ~2 should be equal, according to Eq. 12. They are 
closely equal for copper, but differ for PZT. In the fmal column their ratio is given for 
comparison. For the Kl samples the ratio is large, but it is anomalously large for the SI 
samples. It is approximately 128 for polarized S 1-PZT. The results given in Table IV 
indicate that for PZT either contributions of the fourth order elastic constants are anomalously 
large or the equations derived for single crystals do not apply to PZT. Further research will 
be required to clearly delineate the origin of this anomolously large third harmonic in PZT. 
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